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Abstract

This paper aims to select suitable initial approximations that increase the convergence rate and reduce the size of
the accounts for the homotopy perturbation method (HPM). The study was conducted using two methods: the
homotopy separation of variables (HSV) and the modified homotopy perturbation method (MHPM). The methods
were tested on three problems of the Burgers’ equation. Although the modified methods had the same number of
iterations, the results showed that, in one example, the magnitude of error in the MHPM was significantly lower.
Therefore, the MHPM is more effective than the HSV. Thus, the selection of the optimal initial approximation has

an impact on improving the performance of the HPM.

Keywords: Homotopy separation of Variables, Modified Homotopy Perturbation Method, Buiger's Equation,
Nonlinear partial differential equations.
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1. Introduction

Partial differential equations are fundamental mathematical tools that arise in many
physical and engineering phenomena; among them, the Burgers’ equation models fluid
dynamics. Many authors have studied this equation to understand physical flows or to
test numerical methods because its properties combine nonlinearity with relative

simplicity. The general form of this equation is (Burgers, 1940):

) P FE
Yt =y2Z 0<x,<a,s=0 . (1)

E ax1 6x12

Where: w the velocity, x; is position, sis time, and v the Kinematic viscosity.
Bateman (1915) introduced Burger’s equation and identified a special solution of specific
viscous flows. Burger (1948) formulated this equation to describe certain characteristics of
turbulent fluid; thus, it is often called Burger’s equation. Hopf (1915) and Cole (1951)
solved the Burgers equation with arbitrary initial conditions.

In recent years, researchers have focused on the Homotopy Perturbation Method
(HPM) and based techniques on it, adapting them to address increasingly complex
mathematical and physical problems. This method was introduced by He (1999). The
fundamental principle of the HPM involves creating a homotopy, which is a continuous
transformation or path that links an easily solvable equation to the equation that needs to
be solved. Researchers found that the complexity of the calculations in HPM depends on
the initial approximation chosen (Yang et al., 2012). Biazar and Ghazvini (2009) proved

the convergence of this method in solving PDEs with a suitable initial condition.
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2. Literature Review

The following review highlights the main developments related to the use of this method
in solving Burgers' equations;

The authors (Ganji et al.,, 2010; Rathore & Saraswat, 2018; Singh et al., 2020;
Kapoor, 2020) conducted numerical analyses of HPM on Burgers’ equations to verify the
effectiveness of the method among them.

Elzaki & Kim (2014), Hamza & Elzaki (2015), and Olubanwo et al. (2019)
investigated the possibility of increasing the efficiency of HPM by combining an integral
transformation with HPM. They found that this method reduces computation for HPM.

Mirzazadeh & Ayati (2016) and Nandhini & Sumathi (2024) used a new effective
approach, known as the modified homotopy perturbation method (MHPM). This method
is based on and assuming that the initial approximation is in the form of a function series
and that the subsequent approximations vanish.

In this paper, we present MHPM and another method known as the homo-
separation of variables (HSV): This method, taken from papers by Yang et al. (2012) and
Karbalaie & Muhammad (2014), involves assuming a separation of variables in the initial
approximation and using this to estimate the solution, and assuming the subsequent

approximations vanish.
3. Methodology

3.1. The core principle of the HPM

To explain the core principle of the HPM, let's study the following nonlinear differential

equation:
Flw(x))—h(x)=0,x€e0Q @)
With the boundary conditions;
d
B (a)(x), (gflx)) =0,x€n (3)
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F is a differential operator can be separated into two parts £ and X, where L is linear
operator and X is nonlinear, B is a boundary operator, h(x)is an analytic function, and n
is the domain boundary W. The Eqn. (2) can be rewritten as follows:

Mwx) +X¥(wx) —h(x)y=0 (4)
Using the Homotopy technique, we construct a homotopy {(x,q): ¥ X [0,1] — R,

that fulfills:
HU®),q) =A—=—MEX) —M(wo(x)D] +q[FEX) —h(x)]=0 .. ©)
or H({,q) = R(((x)) — R(wo(x)) + qwo(x) + q[R(((x)) —h(x)] =0 .. (6)

Where q € [0,1] represents an embedding parameter, and W serves as an initial
estimate of Eqn. (2) that meets the boundary conditions outlined in Eqn. (3). From Eqn.
(5), we derive;
H(wx),0) =MIKx) - R(we(xH)=0 . (7)
H(wkx),1) =F{((x)—h(x)=0 . (8)
When changing g from zero to unity, { (X, q) changing from wq(x) to w(x), and Eqns.
(7) and (8) are called homotopic in topology.

Now, by perturbation technique, assume that the solution of Eqn. (5) can be
represented as a series in g
() =X2q'C) . ©)
When g — 1: Eqn. (5) is equal to Eqn. (2) i.e. an follows the equation becomes an

approximate solution of Eqn. (2) (Biazar and Ghazvini,2009);

w(x) = lim {(x) = =G . (10)

3.2. Adapting the HPM to Solve the Burger’s Equation

Let consider the Burger's equation;

ow ow 02w

- - =y — : . >

s wax1 vax% o<x;<a,s=z0 . (11)
Subject to the conditions;

w(x,0) =ho(xy) (12)

a
where X = w % To solve Eqn. (11) with condition (12), we can construct homotopy;
1
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9w, L% _

1-9) [g ] +q [ axl Varl = o (13)
Alternatively;
% _ 390 _ o[, 028 2w _ ¢
s ds [V 942 ds (axl ..... (14)
Substituting Eqn. (9) into Eqn. (14) and equating the coefficients of like powers of ¢, we
obtain;

0.% _ 9% _ o ¢ (x;,0) = wo(xy,0)
4" 55 65 031 0\

1,9%1 , 9% 9% ﬂ _ _
q'as+ + Oax vaxz_olql(xllo)_o

2. 652 651 9 _ 0% _
- a¢; 00j_k—1 0%¢j_1

j. %% 1 i1 _q 7. _
T ds + 2 (k -V 9x,2 0, (} (xl,O) o . (15)
we often take {y(x, t) = wo(xy,t) = hy(x).the solution is (Kapoor, 2020);
wx)=X2¢G (16)

3.3. The Basic Idea of the HSV

We start first assume that the variables of wo(xy,t) can be separated as:
wo(x1, 1) = @(x1, 0)a1 () + 2422 ay (5)
and assume that {; = 0 in Eqn. (15) which means that {,, = 0,Vn = 1. Then, the
solution of Eqn. (11) is

{(xy,t) = {o(xg, ) =wo(xy,8) L (18)
We get the solution by finding @1 (s) and (). To achieve this goal, we consider the
condition on Eqn. (12):

w(x,0) =ho(xe) (19)
Since Eqn. (18) satisfies the initial, we get (Yang et al., 2012; Karbalaie & Muhammed,
2014);

a,(0)=1,a,(0)=0 (20)

3.4. The Basic Idea of the MHPM

In this modified: We start construct the following homotopy;
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9¢ _ 9w 9% _ 9wy _ , 3¢
s ds [V 0x12 ds ( oxk (21)
Where; zo(xl, 0) = wo(xl, 0)
Let’s present the solution of Eqn. (21) as follows;
{(x) =Yis0q' > 22)
Suppose the initial approximation of Eqn. (21) is in the following form:
. t
Qo(x1,8) = €o(x1) + Tino Bm(x1) Jy Qu®dt .. (23)

Where B,,,m = 0,1,2, ... are unknown coefficients and Q,,(t),m = 0,1,2, ... are
functions depending on the problem. Now by substituting Eqn. (23) and Eqn. (22) into the
Eqn. (21), and equating the coefficients of gwith the same powers. We get;
N t

q°: 4o (x1,8) = €9 (x1) + Lm0 Bm J, Qm()dt

1. — [ty 2% _ 9% _ , 9%
q . cl(xl’s) - fo (V axlz as ZO axl) dt

. _ [t 0% j-1 , 9¢j-k-1 .
q]_fj(xl,s) = fo(vm_zk=0<k6—xl) dt, ] = 2,3,... .. (24)
and soon...
Now if {; = 0, then Eqn. (24) results in {;, = 0,n = 1. Therefore; the analytic solution
may be obtained as;
w(xl S) = €O(xlys) ~~~~~ (25)
Itis worthwhile to mention thatif {y(x4, S) are analytic around s = 0, then their Taylor
series can be defined as;

$o(x1,5) = Xm=0 P Xx)S™ (26)
can be used in Eqn. (24) (Mirzazadeh & Ayati, 2016; Nandhini & Sumathi, 2024).

4. Experiment Comparison

Example (1): Consider the Burger's equation:

a_w w a_w =v azw (27)
ds dx,  0x12

With the initial condition as:

wx,0)=x, (28)
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x
The analytic solution of this problem is (Hamza and Elzaki, 2015); 1—1

+s
The solution by the HPM:

We construct a homotopy {: ¥ X [0,1] — R, that satisfies:
_ 04 %1 _
)[ ] [ +(ax1 W—O ..... (29)
Starting with the |n|t|a| approximate
fo(x1,5) = wo(x1,5) = w(xy,0)
And from the Eqn. (15). The solution is;

E)_{l+ 0+x(1)—0=0=(xy,5) = —x;5
%+x1( =) + (=215)(1) = 0 = 0 = {5 (%1, 5) = x5
% +x1(8%) + (=x15)(=s) — x18*(=1) = 0 = {3(x1, ) = —x;5°

And so on. Combining the results obtained for the components, the solution in a series
form is given by:
w(x1,8) = x; — X158 + x15% — x,83 + -
=x;(1-s+s>—s3+-)
Consequently, the analytic solution is given by:

X1
w(xy,s) = T+s Is| <1

The Solution By HSV:
By this method, assume that;
dwp(x1,0
0oy, 8) = 00r, s () + 82 ap(s) . 30
whereas w(x;,0) = x;, therefore;

wo(x1,8) = x1a,(5) + ay(s)
And;

% _ 9% 200 _ . 3%

ds dx42 ds 0 dxq

= % =0—[x;a'1(s)+a'5(s)] — [x1a,(s) + ay(s)](a,(s))
S8 () + a2 + @ () a@als) . -

By vanishing v;, We obtain the differential system as follows:
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a;(s) + ¢ %(s)=0,,(O)=1 (32)
ay(s) + a;(s)ay(s) =0,a,(0)=0 (33)
Solving this system, we have;

1
a,(s) = % (sy=0 (34)
The analytic solution is then w (x4, ) = %
The solution by MHPM
Assuming;
0o(x1,5) = ho(X) + Znco B fy Qu(dds .. @)

whereas w(x;,0) = x; , therefore;

1 1
Co(x1,8) = wo(x1,5) = x1 + Bos + §ﬁ152 "‘5/3253 T+
And
0g, 0%, 9, a4,

ds  0x.2 ds  %0x,

% = ( 0S +%,8{’52 +§,8§’s3 + ) - (x1 + Bos +%ﬁlsz +§ﬁzs3 +
) (14 Bs +3 52 + 2557 + 0 ) = (Bo + Bus + Bos? + )

T2 = (=x1 = Bo) + (B — Bo = 1y — B)s + (81 =3 Bixs — BoBs -

S
1
Eﬁl_ﬁz)sz‘l‘“‘ ..... (36)
By Vanishing {; the coefficients 3;,, (x) are determined as:

Bo(x1) = —x1, B1(x1) = 2x1, B2(x1) = —3x4

Therefore, we gain the solution;

1 1
{(x1,5) = {o(x1,5) = x1 + fos + 5/3152 + §/>’zs3 + -
=x; — XS + x,5% — x;8% + -
=x;(1—-s+s>—5s34-)

Consequently, the analytic solution is given by:

X1
w(xq,5) = 175 Is| <1

Example (2): Consider Burgers equation with the initial condition as:

u(x,0)=1- 2 (37)
X1
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The analytic solution of this problemis w(xy,s) =1 — ﬁ (Hamza and Elzaki, 2015).
-
The solution by the HPM:
We construct a homotopy {: ¥ X [O 1] — R, that satisfies:
_ o) %4 _ 990 2% _
(1 q) [65 ] ta [ vaxlz] =0
Starting with the |n|t|a| apprommate,

Jo(x1,8) = wo(x1,5) = w(xy,0)
And from the Eqn. (15). The solution is;

2 2 5 3
Zl(xlls) =_x_1251 62(x115)=_x_13$ ) {3(xlls)=_x_14_s
And so on. the solution in a series form is given by:
2 2 2
u(x,t) =1-——-—s——s?*——s° -
X X2 x3 xi*
P NP A i
B X1 ( X; X2 xq3 )
Consequently;
2
w(xy,s)=1-—
x1 — S
The Solution By HSV:
By this method, assume that;
_ dwo(x1,0)
wo(x1,5) = w(xqg,0)ay(s) + T a,(s)
X1
whereas w(xy,0) = x;, therefore;
2 2
wo(xy,8) = (1 — —)ay(s) + —5 az(s)
X1 X1
And
0,  0%wy Odw, dwg
as B 6x1 ds @o dx,
= [— cay(s) + —az(s)] |(1- —) NORITACI | =TACE
x—az (s)] [(1 — x_1) a,'(s) + Eaz (s)] .... (38)

By vanishing {1, and using the conditions @1 (0) = 1, @, (0) = 0. we have;
ai;(s) =1,a,(s) =0
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2
Consequently w(xy,t) =1 — )

The solution by MHPM:

Assuming;

- s
wo(x1,8) = ho(xy) + Z .Bmf Qn(s)ds
m=20 0
whereas w(x;,0) =1 — o therefore;
1

2 1 1

Jo(x1,8) = wo(x1,5) =1 ——+ Bos + =152 + = Bos® + -
X1 2 3

And

0% _ 0% 0% %

ds  0x;2 s oxg

9 _(_ 4 prelon2 Y _(1_2 1p 2,15 3
as—( ZSHBYs +3BYs? + ) (1 Z 4 Bos +3B1s? +5Bos” +

By Vanishing v the coefficients 8, (x1) are determined as:

Bo(x1) = Pk B1(x1) = L Bo(x1) = ——

1 1 X1
Therefore; we gain the solution;

1 1
w(x1,8) = wo(x1,8) = x1 + fos + §ﬁ152 "‘5/3253 +

2 2 2
2 3
=X ——S———=S5°——s>—
1 X412 X3 x4
1 2(1+S+SZ-|-SB+ )
- X1 X X% xq3
Consequently;
2
w(xy,s)=1-
x1 — S

From this example, we observe that the solution obtained from HVS is not convergent to

the exact solution, because it does not depend on s. The divergence is also evident in

Figures (1and 2).
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Upper Surface of 1 — —
N
5

Lower Surfaceof 1 —
x5 — s

Figure 1. The comparison of the HSV and MHPM when solving Example (2)

T0 80 90 100
¥
—— MEPM
— NHPM

Figure 2. The comparison of the HSV and MHPM at S=60 when solving Example (2)

Example (3): Consider Burger's equation with the initial condition as:
w(x,0)=2tanx, (40)
The analytic solution of this problem is w(x1,s) = 2 tan x; (Hamza and Elzaki, 2015)
The solution by the HPM:

We construct a homotopy {: W X [0,1] — R, that fulfills:

a-afg-5+ali e -vi =0

Starting with the initial approximate;

fo(x1,8) = wo(xy,5) = w(xq,0)
and from the Eqn. (15). The solution is;
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Cl(xlis) =0, (Z(xl; S) = 0, (3(3(1, S) = O,

and so on. Therefore;
w(xy,s) = 2tanx,
The Solution By HSV:

By this method, assume that;

dwy(x1,0)

—_—
Jdx,q

whereas w(x;,0) = 2 tan x; , therefore;

2(s)

wo(x1,5) = w(xg,0)ay(s) +

wo(xq,5) = 2tanx; a;(s) + 2 sec? x; a,(s)
And

0,  0%wy 0dw, dwg

as _ ox2  0s  ox

= % = [4sec? x; tanx; a;(s) + (4 sec* x; + 8 sec? x; tan? x))a,(s)] —

[2tanx; a;(s) + 2 sec? x; a,(s)][2 sec?x; a,(s) +
4sec? x; tanx; a,(s)] — [2tanx; a;'(s) + 2 sec? x a,'(s)] ... 41)

By vanishing {7, and using the conditions @; (0) = 1, @, (0) = 0. we have

a1(s) =1,a,(s) =0
then w(xy,s) = 2tanx;

The solution by MHPM:

Assuming;

@001, 5) = ho(e) + ). B [ Q()ds
m=0 0

whereas w(x;,0) = 2 tan x; , therefore;

1 1
(o(x1,8) = wo(xy,5) = 2tanx; + Bys +Eﬁ152 +§3253 + -
And;
2% _ 0% 3% _, %
ds 0x,%> O0s % 9x,
g _ 2 ey Loz ) 1p 2
= 4sec” x4 tanx1+ﬁos+2,815 + 2tanx1+,805+2315 +
1 I} 1, 15
§ﬂ283+"')(258C2 x1+,805+5,8152+§,8253+"‘)_(,80+.815+
BysZ4-) (42)

SCUPGS (2025) | ISSN (Print): 3107-2267 | ISSN (Online): 3107-2275 | ISBN: 978-9959-815-07-1 5.71



The Annual Scientific Conference for Undergraduate and Postgraduate Students, AlU.

SCUPGS 2025 | Peer-Reviewed Conference Proceedings | Vol. 3 | 2025

Ghaith & Salama, 2025

By Vanishing {; the coefficients f3;,, (1) are determined as:
Bo(x1) =0, B1(x1) =0, B2(x1) =0
Therefore; we gain the solution;
1 1
w(xy,8) = wo(xy,8) = 2tanx; + Bos + Eﬁlsz + §ﬁzs3 + -
= 2tan X,

5. Conclusion

The study demonstrated that selecting the appropriate initial approximation in the HPM is
crucial to achieve a balance between accuracy, convergence speed, and computational
efficiency. One method: MHPM was used to accelerate convergence and reduce
computational size while maintaining an accurate solution in the two studied examples,
while the other method: HVS showed very fast convergence and a small computational
size in one example but diverged in the other, highlighting the importance of avoiding
methods that exhibit divergence to ensure stable performance. Therefore, we recommend
relying on methods proven stable across multiple models and avoiding those that diverge
to prevent loss of accuracy and computational efficiency. So, the proposed methods can
be tested on other types of partial differential equations, such as the Schrodinger equation

and the Berger equation in two dimensions.
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    𝜕 𝜔  𝜕 s + 𝜔   𝜕 𝜔  𝜕   x 1 = 𝜈     𝜕 2 𝜔  𝜕     x 1 2                                       : 0 <   x 1 < a   ,   s ≥ 0  


  𝜔


    x 1


  𝜈


  ℱ  ( 𝜔 ( x ) ) − h  ( x ) = 0   ,     x ∈ Ω          


  ℬ  ( 𝜔 ( x ) ,   𝜕 𝜔 ( x )  𝜕 n ) = 0   ,   x ∈ η    


  ℱ


  ℒ


  ℵ


  ℒ


  ℵ


  ℬ


  h  ( x )


  𝜂


  Ψ


  ℳ  ( 𝜔 ( x ) ) + ℵ  ( 𝜔 ( x ) ) − h  ( x ) = 0  


    𝜁  ( x , q ) : Ψ × [ 0 , 1 ] ⟶ ℜ


  ℋ  ( 𝜁 ( x ) , q ) =  ( 1 − q )  [ ℳ  ( 𝜁 ( x ) ) − ℳ  (   𝜔 0 ( x ) ) ] + q  [ ℱ  ( 𝜁 ( x ) ) − h  ( x ) ] = 0    


  o r   ℋ  ( 𝜁 , q ) = R  ( 𝜁 ( x ) ) − R  (   𝜔 0 ( x ) ) + q   𝜔 0  ( x ) + q  [ ℵ  ( 𝜁  ( x ) ) − h  ( x ) ] = 0  


  q ∈  [ 0 , 1 ]  


    𝜔 0


  ℋ  ( 𝜔  ( x ) , 0 ) = ℳ  ( 𝜁  ( x ) ) − ℵ (   𝜔 0  ( x ) ) = 0  


  ℋ  ( 𝜔 ( x ) , 1 ) = ℱ  ( 𝜁 ( x ) ) − h  ( x ) = 0


  q


  𝜁 ( x , q )


    𝜔 0 ( x )


  𝜔 ( x )


  𝜁  ( x ) =   ∑  i = 0 ∞    q  i   𝜁  i ( x )


  q → 1


  𝜔  ( x ) =    lim  q → 1 ⁡  𝜁 ( x ) =   ∑  i = 0 ∞    𝜁  i ( x )


    𝜕 𝜔  𝜕 s + 𝜔   𝜕 𝜔  𝜕   x 1 = 𝜈     𝜕 2 𝜔  𝜕   x 1 2                                       : 0 <   x  i < a   ,   s ≥ 0


  𝜔  (   x 1 , 0 ) =  h 0  (   x 1 )


  ℵ = 𝜔   𝜕 𝜔  𝜕   x 1


   ( 1 − q )  [   𝜕 𝜁  𝜕 s −   𝜕   𝜔 0  𝜕 s ] + q  [   𝜕 𝜁  𝜕 s + 𝜁   𝜕 𝜁  𝜕   x 1 − 𝜈     𝜕 2 𝜁  𝜕   x 1 2 ] = 0  


    𝜕 𝜁  𝜕 s −   𝜕   𝜔 0  𝜕 s = q  [ 𝜈     𝜕 2 𝜁  𝜕     x 1 2 −   𝜕   𝜔 0  𝜕 s − 𝜁   𝜕 𝜁  𝜕   x 1 ]  


    q 0 :   𝜕   𝜁 0  𝜕 s −   𝜕   𝜔 0  𝜕 s = 0 ,           𝜁 0  (   x 1 , 0 ) =   𝜔 0  (   x 1 , 0 )


    q 1 :   𝜕   𝜁 1  𝜕 s +   𝜕   𝜁 0  𝜕 s +   v 0   𝜕   𝜁 0  𝜕   x 1 − 𝜈     𝜕 2   𝜁 0  𝜕     x 1 2 = 0 ,     𝜁 1  (   x 1 , 0 ) = 0


    q 2 :   𝜕   𝜁 2  𝜕 s +   𝜁 0   𝜕   𝜁 1  𝜕   x 1 +   𝜁 1   𝜕   𝜁 0  𝜕   x 1 − 𝜈     𝜕 2   𝜁 1  𝜕     x 1 2 = 0   ,     𝜁 2  (   x 1 , 0 ) = 0


  ⋮                                                                                                                                                                                                    


    q  j :   𝜕   𝜁  j  𝜕 s +   ∑  k = 0  j − 1    𝜁  k   𝜕   𝜁  j − k − 1  𝜕   x 1 − 𝜈     𝜕 2   𝜁  j − 1  𝜕     x 1 2 = 0 ,     𝜁  j  (   x 1 , 0 ) = 0


    𝜁 0  (   x 1 , t ) =   𝜔 0  (   x 1 , t ) =  h 0  ( x ) .


 


  


    𝜔 0  (   x 1 , t )


    𝜔 0  (   x 1 , t ) = 𝜔  (   x 1 , 0 )   𝛼 1  ( s ) +   𝜕   𝜁 0 (   x 1 , 0 )  𝜕   x 1   𝛼 2  ( s )


    𝜁 1 ≡ 0


    𝜁  n ≡ 0   ,   ∀ n ≥ 1 .


  𝜁  (   x 1 , t ) =   𝜁 0  (   x 1 , t )


    𝜔 0  (   x 1 , t )


    𝛼 1  ( s )


    𝛼 2  ( s )


  𝜔  (   x 1 , 0 ) =  h 0 (   x 1 )


    𝛼 1  ( 0 ) = 1   ,     𝛼 2  ( 0 ) = 0  


    𝜕 𝜁  𝜕 s =   𝜕   𝜔 0  𝜕 s + q  [ 𝜈     𝜕 2   𝜁 0  𝜕     x 1 2 −   𝜕   𝜔 0  𝜕 s − 𝜁   𝜕 𝜁  𝜕   x 1 ]


      𝜁 0  (   x 1 , 0 ) =   𝜔 0 (   x 1 , 0 )


  𝜁  (   x 1 ) =   ∑  i = 0 ∞    q  i   𝜁  i ( x )


    𝜁 0  (   x 1 , s ) =  ℇ  𝟎  (   x 1 ) +   ∑  m = 0 ∞    𝛽  m (   x 1 )   ∫ 0  t   ℚ  m  ( t ) d t


    𝛽  m ,   m = 0 , 1 , 2 , …  


   ℚ  m  ( t ) ,   m = 0 , 1 , 2 , …


    q 0 :   𝜁 0  (   x 1 , s ) =  ℇ 0  (   x 1 ) +   ∑  m = 0 ∞    𝛽  m   ∫ 0  t   ℚ  m  ( t ) d t                


      q 1 :   𝜁 1  (   x 1 , s ) =   ∫ 0  t  ( 𝜈     𝜕 2   𝜁 0  𝜕     x 1 2 −   𝜕   𝜁 0  𝜕 s −   𝜁 0   𝜕   𝜁 0  𝜕   x 1 )   d t                


  ⋮                                                                                                                                                                    


  


    𝜁 1 = 0


    𝜁  n = 0 ,   n ≥ 1


  𝜔  ( x , s ) =   𝜁 0  (   x 1 , s )


    𝜁 0  (   x 1 , s )


  s = 0


    𝜁 0  (   x 1 , s ) =   ∑  m = 0 ∞    𝛽  m (   x 1 )   s  n


    𝜕 𝜔  𝜕 s + 𝜔   𝜕 𝜔  𝜕   x 1 = 𝜈     𝜕 2 𝜔  𝜕     x 1 2  


  𝜔  (   x 1 , 0 ) =   x 1


  (


      x 1  1 + s            


  𝜁 : Ψ × [ 0 , 1 ] ⟶ ℜ


   ( 1 − q )  [   𝜕 𝜁  𝜕 s −   𝜕   𝜁 0  𝜕 s ] + q  [   𝜕 𝜁  𝜕 s + 𝜁   𝜕 𝜁  𝜕   x 1 − 𝜈     𝜕 2 𝜁  𝜕     x 1 2 ] = 0


    𝜁 0  (   x 1 , s ) =   𝜔 0  (   x 1 , s ) = 𝜔 (   x 1 , 0 )


    𝜕   𝜁 1  𝜕 s + 0 +   x 1  ( 1 ) − 0 = 0 ⇒   𝜁 1  (   x 1 , s ) = −   x 1 s


    𝜕   𝜁 2  𝜕 s +   x 1  ( − s ) +  ( −   x 1 s )  ( 1 ) − 0 = 0 ⇒   𝜁 2  (   x 1 , s ) =   x 1   s 2


    𝜕   𝜁 2  𝜕 s +   x 1  ( − s ) +  ( −   x 1 s )  ( 1 ) − 0 = 0 ⇒   𝜁 2  (   x 1 , s ) =   x 1   s 2


      𝜕   𝜁 3  𝜕 s +   x 1  (   s 2 ) +  ( −   x 1 s )  ( − s ) −   x 1   s 2 ( − 1 ) = 0 ⇒ 𝜁 3  (   x 1 , s ) = −   x 1   s 3                                  


      𝜕   𝜁 3  𝜕 s +   x 1  (   s 2 ) +  ( −   x 1 s )  ( − s ) −   x 1   s 2 ( − 1 ) = 0 ⇒ 𝜁 3  (   x 1 , s ) = −   x 1   s 3                                  


  𝜔  (   x 1 , s ) =   x 1 −   x 1 s +   x 1   s 2 −   x 1   s 3 + …


                                    =   x 1  ( 1 − s +   s 2 −   s 3 + … )


                                    =   x 1  ( 1 − s +   s 2 −   s 3 + … )


  𝜔  (   x 1 , s ) =     x 1  1 + s              | s | < 1


    𝜔 0  (   x 1 , s ) = 𝜔  (   x 1 , 0 )   𝛼 1  ( s ) +   𝜕   𝜔 0 (   x 1 , 0 )  𝜕   x 1   𝛼 2  ( s )


  𝜔  (   x 1 , 0 ) =   x 1


    𝜔 0  (   x 1 , s ) =   x 1   𝛼 1  ( s ) +   𝛼 2  ( s )


    𝜕   𝜁 1  𝜕 s =     𝜕 2   𝜁 0  𝜕     x 1 2 −   𝜕   𝜔 0  𝜕 s −   𝜁 0   𝜕   𝜁 0  𝜕   x 1


    ⇒   𝜕   𝜁 1  𝜕 s = 0 −  [   x 1   𝛼 ′ 1 ’  ( s ) +   𝛼 ′ 2 ’  ( s ) ] −  [   x 1   𝛼 1  ( s ) +   𝛼 2  ( s ) ] (   𝛼 1  ( s ) )


  ⇒   𝜕   𝜁 1  𝜕 s =  [   𝛼 1 ′ ’  ( s ) +     𝛼 1 2 ( s ) ]   x 1 +   𝛼 2 ′ ’  ( s ) +   𝛼 1  ( s )   𝛼 2 ( s )


    v 1


    𝛼 1 ′ ’  ( s ) +     𝛼 1 2  ( s ) = 0   ,     𝛼 1  ( 0 ) = 1


    𝛼 2 ′ ’  ( s ) +   𝛼 1  ( s )   𝛼 2  ( s ) = 0   ,     𝛼 2  ( 0 ) = 0  


    𝛼 1  ( s ) =  1  1 + s   ,     𝛼 2  ( s ) = 0  


  𝜔  (   x 1 , s ) =     x 1  1 + s


    𝜔 0  (   x 1 , s ) =  h 0  (   x 1 ) +   ∑  m = 0 ∞    𝛽  m   ∫ 0  s   ℚ  m  ( s ) d s


  𝜔  (   x 1 , 0 ) =   x 1


          𝜁 0  (   x 1 , s ) = 𝜔 0  (   x 1 , s ) =   x 1 +   𝛽 0 s +  1 2   𝛽 1   s 2 +  1 3   𝛽 2   s 3 + …


      𝜕   𝜁 1  𝜕 s =     𝜕 2   𝜁 0  𝜕     x 1 2 −   𝜕   𝜁 0  𝜕 s −   𝜁 0   𝜕   𝜁 0  𝜕   x 1


    𝜕   𝜁 1  𝜕 s =  (   𝛽 0  ′ ′ s +  1 2   𝛽 1  ′ ′   s 2 +  1 3   𝛽 2  ′ ′   s 3 + … ) −  (   x 1 +   𝛽 0 s +  1 2   𝛽 1   s 2 +  1 3   𝛽 2   s 3 +                             … )  ( 1 +   𝛽 0 ′ s +  1 2   𝛽 1 ′   s 2 +  1 3   𝛽 2 ′   s 3 + … ) − (   𝛽 0 +   𝛽 1 s +   𝛽 2   s 2 + … )


    𝜕   𝜁 1  𝜕 s =  ( −   x 1 −   𝛽 0 ) +  (   𝛽 0  ′ ′ −   𝛽 0 −   x 1   𝛽 0 ′ −   𝛽 1 ) s +  (  1 2   𝛽 1  ′ ′ −  1 2   𝛽 1 ′   x 1 −   𝛽 0   𝛽 0 ′ −                              1 2   𝛽 1 −   𝛽 2 )   s 2 + …  


    𝜁 1


    𝛽  m ( x )


    𝛽 0  (   x 1 ) = −   x 1 ,     𝛽 1  (   x 1 ) = 2   x 1 ,     𝛽 2  (   x 1 ) = − 3   x 1


  𝜁  (   x 1 , s ) =   𝜁 0  (   x 1 , s ) =   x 1 +   𝛽 0 s +  1 2   𝛽 1   s 2 +  1 3   𝛽 2   s 3 + …


                                =   x 1 −   x 1 s +   x 1   s 2 −   x 1   s 3 + …


                                =   x 1 −   x 1 s +   x 1   s 2 −   x 1   s 3 + …


                                =   x 1  ( 1 − s +   s 2 −   s 3 + … )


                                =   x 1  ( 1 − s +   s 2 −   s 3 + … )


        𝜔  (   x 1 , s ) =     x 1  1 + s              | s | < 1


  u  (   x 1 , 0 ) = 1 −  2    x 1      


  𝜔  (   x 1 , s ) = 1 −  2    x 1 − s   (


  𝜁 : Ψ × [ 0 , 1 ] ⟶ ℜ


   ( 1 − q )  [   𝜕 𝜁  𝜕 s −   𝜕   𝜔 0  𝜕 s ] + q  [   𝜕 𝜁  𝜕 s + 𝜁   𝜕 𝜁  𝜕   x 1 − 𝜈     𝜕 2 𝜁  𝜕     x 1 2 ] = 0    


    𝜁 0  (   x 1 , s ) =   𝜔 0  (   x 1 , s ) = 𝜔 (   x 1 , 0 )


    𝜁 1  (   x 1 , s ) = −  2      x 1 2 s ,           𝜁 2  (   x 1 , s ) = −  2      x 1 3   s 2 ,       𝜁 3  (   x 1 , s ) = −  2      x 1 4   s 3


  u  ( x , t ) = 1 −  2    x 1 −  2      x 1 2 s −  2      x 1 3   s 2 −  2      x 1 4   s 3 − …


                              = 1 −  2    x 1 ( 1 +   s    x 1 +     s 2      x 1 2 +     s 3      x 1 3 + … )


                              = 1 −  2    x 1 ( 1 +   s    x 1 +     s 2      x 1 2 +     s 3      x 1 3 + … )


  w  (   x 1 , s ) = 1 −  2    x 1 − s          


    𝜔 0  (   x 1 , s ) = 𝜔  (   x 1 , 0 )   𝛼 1  ( s ) +   𝜕   𝜔 0 (   x 1 , 0 )  𝜕   x 1   𝛼 2  ( s )


  𝜔  (   x 1 , 0 ) =   x 1


    𝜔 0  (   x 1 , s ) = ( 1 −  2    x 1 )   𝛼 1  ( s ) +  2      x 1 2   𝛼 2  ( s )


    𝜕   𝜁 1  𝜕 s =     𝜕 2   𝜔 0  𝜕     x 1 2 −   𝜕   𝜔 0  𝜕 s −   𝜔 0   𝜕   𝜔 0  𝜕   x 1


  ⇒   𝜕   𝜁 1  𝜕 s =  [ −  4      x 1 3   𝛼 1  ( s ) +  12      x 1 4   𝛼 2  ( s ) ] −  [  ( 1 −  2    x 1 )   𝛼 1  ( s ) +  2      x 1 2   𝛼 2  ( s ) ]  [  2      x 1 2   𝛼 1  ( s ) −                                      4      x 1 3   𝛼 2  ( s ) ] −  [  ( 1 −  2    x 1 )   𝛼 1 ′  ( s ) +  2      x 1 2   𝛼 2 ′  ( s ) ]


    𝜁 1


    𝛼 1  ( 0 ) = 1 ,     𝛼 2  ( 0 ) = 0


    𝛼 1  ( s ) = 1   ,     𝛼 2  ( s ) = 0    


  𝜔  (   x 1 , t ) = 1 −  2    x 1


    𝜔 0  (   x 1 , s ) =  h 0  (   x 1 ) +   ∑  m = 0 ∞    𝛽  m   ∫ 0  s   ℚ  m  ( s ) d s


  𝜔  (   x 1 , 0 ) = 1 −  2    x 1


      𝜁 0  (   x 1 , s ) = 𝜔 0  (   x 1 , s ) = 1 −  2    x 1 +   𝛽 0 s +  1 2   𝛽 1   s 2 +  1 3   𝛽 2   s 3 + …


      𝜕   𝜁 1  𝜕 s =     𝜕 2   𝜁 0  𝜕     x 1 2 −   𝜕   𝜁 0  𝜕 s −   𝜁 0   𝜕   𝜁 0  𝜕   x 1


    𝜕   𝜁 1  𝜕 s =  ( −  4      x 1 3   + 𝛽 0  ′ ′ s +  1 2   𝛽 1  ′ ′   s 2 + … ) −  ( 1 −  2    x 1 +   𝛽 0 s +  1 2   𝛽 1   s 2 +  1 3   𝛽 2   s 3 +                       … )  (  2      x 1 2 +   𝛽 0 ′ s +  1 2   𝛽 1 ′   s 2 +  1 3   𝛽 2 ′   s 3 + … ) −  (   𝛽 0 +   𝛽 1 s +   𝛽 2   s 2 + … )


    v 1


    𝛽  m (   x 1 )


    𝛽 0  (   x 1 ) = −  2      x 1 2 ,       𝛽 1  (   x 1 ) = −  4      x 1 3 ,       𝛽 2  (   x 1 ) = −  6      x 1 4


  𝜔  (   x 1 , s ) =   𝜔 0  (   x 1 , s ) =   x 1 +   𝛽 0 s +  1 2   𝛽 1   s 2 +  1 3   𝛽 2   s 3 + …


  =   x 1 −  2      x 1 2 s −  2      x 1 3   s 2 −  2      x 1 4   s 3 − …


  =   x 1 −  2      x 1 2 s −  2      x 1 3   s 2 −  2      x 1 4   s 3 − …


            = 1 −  2    x 1 ( 1 +   s    x 1 +     s 2      x 1 2 +     s 3      x 1 3 + … )          


            = 1 −  2    x 1 ( 1 +   s    x 1 +     s 2      x 1 2 +     s 3      x 1 3 + … )          


    𝜔  (   x 1 , s ) = 1 −  2    x 1 − s


  𝜔  (   x 1 , 0 ) = 2  tan ⁡    x 1  


  𝜔  (   x 1 , s ) = 2  tan ⁡    x 1   (


  𝜁 : Ψ × [ 0 , 1 ] ⟶ ℜ


   ( 1 − q )  [   𝜕 𝜁  𝜕 s −   𝜕   𝜔 0  𝜕 s ] + q  [   𝜕 𝜁  𝜕 s + 𝜁   𝜕 𝜁  𝜕   x 1 − 𝜈     𝜕 2 𝜁  𝜕     x 1 2 ] = 0      


    𝜁 0  (   x 1 , s ) =   𝜔 0  (   x 1 , s ) = 𝜔 (   x 1 , 0 )


    𝜁 1  (   x 1 , s ) = 0 ,       𝜁 2  (   x 1 , s ) = 0 ,         𝜁 3  (   x 1 , s ) = 0 , …


  𝜔  (   x 1 , s ) = 2  tan ⁡    x 1  


    𝜔 0  (   x 1 , s ) = 𝜔  (   x 1 , 0 )   𝛼 1  ( s ) +   𝜕   𝜔 0 (   x 1 , 0 )  𝜕   x 1   𝛼 2  ( s )


  𝜔  (   x 1 , 0 ) = 2  tan ⁡    x 1


    𝜔 0  (   x 1 , s ) = 2  tan ⁡    x 1   𝛼 1  ( s ) + 2     s e c 2     x 1     𝛼 2  ( s )


    𝜕   𝜁 1  𝜕 s =     𝜕 2   𝜔 0  𝜕     x 1 2 −   𝜕   𝜔 0  𝜕 s −   𝜔 0   𝜕   𝜔 0  𝜕   x 1


  ⇒   𝜕   𝜁 1  𝜕 s =  [ 4     s e c 2     x 1    tan ⁡    x 1 𝛼 1  ( s ) + ( 4     s e c 4     x 1 + 8     s e c 2     x 1     t a n 2     x 1 )   𝛼 2  ( s ) ] −                                  [ 2  tan ⁡    x 1   𝛼 1  ( s ) + 2     s e c 2     x 1     𝛼 2  ( s ) ]  [ 2     s e c 2   x 1     𝛼 1  ( s ) +                                 4   s e c 2     x 1    tan ⁡    x 1   𝛼 2  ( s ) ] −  [ 2  tan ⁡    x 1   𝛼 1 ′  ( s ) + 2     s e c 2     x 1   𝛼 2 ′  ( s ) ]  


    𝜁 1


    𝛼 1  ( 0 ) = 1 ,     𝛼 2  ( 0 ) = 0


    𝛼 1  ( s ) = 1   ,     𝛼 2  ( s ) = 0    


  𝜔  (   x 1 , s ) = 2  tan ⁡    x 1


    𝜔 0  (   x 1 , s ) =  h 0  (   x 1 ) +   ∑  m = 0 ∞    𝛽  m   ∫ 0  s   ℚ  m  ( s ) d s


  𝜔  (   x 1 , 0 ) = 2  tan ⁡    x 1


      𝜁 0  (   x 1 , s ) = 𝜔 0  (   x 1 , s ) = 2  tan ⁡    x 1 +   𝛽 0 s +  1 2   𝛽 1   s 2 +  1 3   𝛽 2   s 3 + …


      𝜕   𝜁 1  𝜕 s =     𝜕 2   𝜁 0  𝜕     x 1 2 −   𝜕   𝜁 0  𝜕 s −   𝜁 0   𝜕   𝜁 0  𝜕   x 1


    𝜕   𝜁 1  𝜕 s =  ( 4   s e c 2     x 1    tan ⁡    x 1   + 𝛽 0  ′ ′ s +  1 2   𝛽 1  ′ ′   s 2 + … ) −  ( 2  tan ⁡    x 1 +   𝛽 0 s +  1 2   𝛽 1   s 2 +                          1 3   𝛽 2   s 3 + … )  ( 2   s e c 2     x 1 +   𝛽 0 ′ s +  1 2   𝛽 1 ′   s 2 +  1 3   𝛽 2 ′   s 3 + … ) −  (   𝛽 0 +   𝛽 1 s +                         𝛽 2   s 2 + … )


    𝜁 1


    𝛽  m (   x 1 )


    𝛽 0  (   x 1 ) = 0 ,       𝛽 1  (   x 1 ) = 0 ,       𝛽 2  (   x 1 ) = 0


  𝜔  (   x 1 , s ) =   𝜔 0  (   x 1 , s ) = 2  tan ⁡    x 1 +   𝛽 0 s +  1 2   𝛽 1   s 2 +  1 3   𝛽 2   s 3 + …


                                                                                = 2  tan ⁡    x 1        


                                                                                = 2  tan ⁡    x 1        

