Sl (ladl po35dl
Leladl &Ll fg Aemaloedl sy L | CMaS
£2025 -21447 S| &yl daalanl
# ' el :\ 2026 « ! 28 3-1 | Lt  (At5 (SCUPGS 2025)
& ‘

plul sl ol
ol il Apnatal Aol )
P
2025 - 1447

T——

144.4'4\.:) 5101 dudlazil | ddased! Gyadl slas e‘.\:’r_‘i—w'
poes geid elosel 9 Fquadll 28 alew (Shgaes zyd 6wl

Lo e s Bl 2 yaadll Analndl 2l S b, o
siham.aldwibi@asmarya.edu.ly : jig ASI¥ sy’

Using Homogeneous Linear Difference Equationsas a Mathematical Tool
for Building and Analyzing Discrete Dynamical Systems

Esra Faraj Dadoush, Siham Faraj Aldwibi", and Asma Fathi Dehom

Department of Mathematics, Faculty of Education, Alasmarya Islamic University, Zliten, Libya.

gl

Buaall Aalas®¥) Liloiy it Auaolanl 8151 2 b)) A diaid) ol (Aia by Jlg Auapdaidl agladl § oyluedll Holatll Jbs 3
lica (§ aadl byl el on (o ogsnledl agle of sLiazd ¥ of didl c¥lma (3 ol elgs (o3l sae saias (Al
Al alaaill A8 alpall Laas¥l dulwiy caimg $ Lsma 9o conls (AN cAailmall Bdasedl 3,801 =¥olae 55 Blaadl
Jladsllsda b andaill abladly amlyl & lanll ony Loy 5 82,80 7 30ad (e 0,855 L tB0umme dia) Silglasey yolas
o L el w8y almaill A8l al) 2alai¥l Lelomsg ¢ Lid Al 3151 Ludlaall Aozl 3yall m¥olas 593 31)
Lalas¥l Sglin Can 33,85 sl 7 3lad ey (§ Audlmil) sl §yadl ¥ slas Cilsl (Say e T 1 Y1 Jlsd!
Carisat @ bl 3Ly As 11 3509 Brall y5e (e Lilgaly 3pall Blalas casyany comddl Ty S8lasill Aol )
LS ool Aalasdl 2l Il Ao daidl e S50 03 LS cAaailmill Al 3pall lslan J> Bydo dalyng Ball Aslas
2Ly 23505 ) plaill Jogmes a5 0 o5 ) lelmtd] 2l Bl A el i e ) aatel Eg> (Alaanl
duadin (Spalins pllas Gle il e G g (a3l e dSslung duatlias Ayl dlidoes @ «§yall c¥slas alusiuly
Lol sy Aamslidl pall Aslae S o ccuselidl 730l o ling cMalally Slaaall s IS (e ¢ SISl gl Jay
Aoy 7 3kes eliy 3 Wl 255 311 ad Auilamall Audased) Gyl Aslae o ) 28551 cliogiy . saill Jtna i Aol Tl
Sadaie Lpale c¥lme § Ldrdat) Aoy (561 sy Almail) 2alaidl Sealipd] gLl Cipms

S el Al Nl A el Aimail] 3Sali ) 2adai¥) Al Adasd] 3,40l Aolas Al oLkl

This work is licensed undera (CC BY-NC 4.0) 2025 ((3) el Al dpadall Jlocdl ildg uliS
45 .5 SCUPGS (2025) | ISSN (Print): 3107-2267 | ISSN (Online): 3107-2275 | ISBN: 978-9959-815-07-1



https://creativecommons.org/licenses/by-nc/4.0/

Ao Ay Bmaloedl Lebadl Solaalylly Amalaedl Aoyl CMlad (ggiud! (golall yaishl
2025 | 3 alel! | 2eSel!| Aalall JLacH! ailsg uliS | SCUPGS 2025

2025 (95519 Shgures

Abstract

In light of the rapid developments in applied and mathematical sciences, mathematical modeling has become an
essential tool for understanding and analyzing complex systems that evolve in the fields of environment,
economics, or computer science. Among the important mathematical methods in this context, linear homogeneous
difference equations stand out for their pivotal role in describing and analyzing discrete dynamical systems that
evolve in fixed time steps. These equations provide accurate models that bridge the gap between mathematical
theory and practical applications. This paper aims to highlight the role of linear homogeneous difference equations
as a mathematical tool for constructing and analyzing discrete dynamical systems. It seeks to answer the following
question: To what extent can linear homogeneous difference equations be employed to build accurate
mathematical models that describe the behavior of discrete dynamical systems? The study begins by defining the
difference equation and its associated operators, such as the difference operator, the shift operator, and the identity
operator. It then presents the classification of difference equations and explores methods for solving linear
homogeneous difference equations. The paper also focuses on the mathematical modeling of discrete dynamical
systems, adopting an analytical modeling approach. This approach involves converting a system into a
mathematical model using difference equations and then analyzing it to study its properties and behavior over
time. To demonstrate this, the analytical modeling method was applied to a discrete dynamical system
representing population growth. The study identified the variables and parameters, constructed the appropriate
model, solved the resulting difference equation, and graphically represented the results to examine the effect of the
growth parameter. The paper concludes that the linear difference equation is a powerful and effective tool for
constructing mathematical models that describe the dynamic behavior of discrete systems, opening broad

prospects for its application in various scientific fields.

Keywords: Homogeneous Linear Difference Equation, Discrete Systems, Mathematical Modeling, Population

Growth.
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    y  n + r   = F  (   n   ,     y  n     ,   y  n + 1   ,       .     .       .     ,     y  n + r − 2     ,     y  n + r − 1 )                   →     ( 1 )


  F


  r


    n = 1 , 2 , 3 , 4 , …    


    r


  ( 1 )


  y  ( x + 1 ) − y  ( x )


  y ( x )


  ∆ y  ( x ) = y  ( x + 1 ) − y  ( x )                                                                                               →    ( 2 )      


  y ( x )


  y ( x + 1 )


  n


  y ( x )


  x = n


      ∆   y  n   =   y  n + 1   −   y  n                                          


  ∆ y ( x )


          ∆  2   y  ( x )   = ∆  ( ∆ y  ( x ) )                                                                                                                                                                  


                                                        = ∆  ( y  ( x + 1 ) − y  ( x ) ) =  ( y  ( x + 2 ) − y  ( x + 1 ) ) −  ( y  ( x + 1 ) − y  ( x ) )                          


                                              = y  ( x + 2 ) − 2 y  ( x + 1 ) + y  ( x )                                                                        


                                              = y  ( x + 2 ) − 2 y  ( x + 1 ) + y  ( x )                                                                        


   ∆  n


                            ∆  n   y  ( x ) = ∆  (  ∆  n − 1   y  ( x ) )                                                                   = y  ( x + n ) − n y  ( x + n − 1 ) +   n  ( n − 1 )  2 !   y  ( x + n − 2 )       +   .     .     .        ( − 1 )  n   y  ( x )


                                                =   ∑  k = 0  n    ( − 1 )  k    (   n  k )   y  ( x + n − k )                                     →    ( 3 )                      


   (   n  k ) =   n !  k ! ( n − k ) !


  E


                            E y  ( x ) = y  ( x + 1 )                                                                                 → ( 4 )


  E


  y ( x )


  y ( x + 1 )


      E 2 y  ( x ) = y  ( x + 2 )         ,     E 3 y  ( x ) =  ( x + 3 )     , … ,   E  p y  ( x ) = y  ( x + p )


  p


    E  p


  x


  p


  n


  y ( x )


  x = n


    E  p   y  n =   y  n + p


  𝐈


  I


  y ( x )


  y ( x )


  I y  ( x ) = y  ( x )


  y


  ( ∆ y  ( x ) ,  ∆ 2 y  ( x ) ,   ⋯ )


  x


  S


  y


  S


  y


  x ∈ ℝ


  ℝ


        1 )     ∆ y  ( x ) =  1 2 y  ( x )  


        2 )      ∆ 2 y  ( x ) + 2 ∆ y  ( x ) + y  ( x ) = 0


        2 )      ∆ 2 y  ( x ) + 2 ∆ y  ( x ) + y  ( x ) = 0


  ∆


          1 )     ∆ y  ( x ) =    1 2 y  ( x )    


                  →   y  ( x + 1 ) − y  ( x ) =    1 2 y  ( x )           → y  ( x + 1 ) =    3 2 y  ( x )      


                  →   y  ( x + 1 ) − y  ( x ) =    1 2 y  ( x )           → y  ( x + 1 ) =    3 2 y  ( x )      


          2 )      ∆ 2 y  ( x ) + 2 ∆ y  ( x ) + y  ( x ) = 0                                                        


          2 )      ∆ 2 y  ( x ) + 2 ∆ y  ( x ) + y  ( x ) = 0                                                        


            →  ( y  ( x + 2 ) − 2 y  ( x + 1 ) + y  ( x ) ) + 2 y  ( x + 1 ) − 2 y  ( x ) + y  ( x ) = 0            


            →  ( y  ( x + 2 ) − 2 y  ( x + 1 ) + y  ( x ) ) + 2 y  ( x + 1 ) − 2 y  ( x ) + y  ( x ) = 0            


                  →   y  ( x + 2 ) = 0                                                          


                  →   y  ( x + 2 ) = 0                                                          


  y


      y  ( x + 2 ) − 4 y  ( x + 1 ) + 3 y  ( x ) = 0                    


  y  ( x + 3 ) − y  ( x ) = x    


  F  ( x , y  ( x ) , y  ( x + 1 ) , y  ( x + 2 ) , .       .     .   ,   y  ( x + n ) ) = 0             → ( 5 )


  y ( x )


  x


  n


  u  ( x + 1 , y + 1 ) + 2 u  ( x , y ) =   x 2 + y + 1  


  x , y


  n


    a  n  ( x ) y  ( x + n ) +   a  n − 1  ( x ) y  ( x + n − 1 ) + .   .   .   +   a 0  ( x ) y  ( x ) = r  ( x ) → ( 6 )


    a  i  ( x ) , i = 1 , 2 , ⋯ , n ,     a  n ,   a 0 ≠ 0


  r  ( x )  


  x


  r  ( x ) = 0


  r ( x ) ≠ 0


  y  ( x + 1 ) −    3 2 y  ( x ) = 0      


  y  ( x + 4 ) − y  ( x ) = x  2  x


  r  ( x ) ,   p ( x )


  p  ( x ) ≠ 0 , x


  x


  y  ( x + 1 ) − p  ( x ) y  ( x ) = r  ( x )                                                                                   →  ( 7 )


  y  ( x + 1 ) − p  ( x ) y  ( x ) = 0                                                                                             →  ( 8 )


  p  ( x )


  x


  y  ( x + 1 ) − p  ( x ) y  ( x ) = 0    


  y  ( x ) = y  ( a )   ∏  s = a  x − 1  p  ( s )              ( x = a , a + 1 , ⋯ )                                 → ( 9 )


  y  ( a )


  x = a


  p  ( s )


  y  ( x + 1 ) − x y  ( x ) = 0                                                     x ∈ ℕ


  y  ( 1 ) = 2    


  p  ( x ) = x


  y  ( 1 ) = 2


  y  ( x ) = 2 .   ∏  s = 1  x − 1  s = 2  ( x − 1 ) !


  y ( x )


  𝒚 ( 𝒙 + 𝟏 ) − 𝒙 𝒚 ( 𝒙 ) = 𝟎


  y  ( x ) = 2  ( x − 1 ) !


  y  ( x + 1 ) − x y  ( x ) = 0


  x


  x


  p ( x )


                                                    y  ( x + 1 ) − a y  ( x ) = 0                                                                                                 →  ( 10 )                      


  a


  y  ( x ) = C   ( a )  x  


  y  ( x + 1 ) − 2 y  ( x ) = 0  


  y  ( x ) = C  2  x


  p  ( x ) = C


  C


  y  ( x ) = y  ( a ) .   C  n    


  p  ( x ) = 1


  y  ( x ) = y ( a )


  p  ( x ) = 0


  y  ( x ) = 0


  𝒏


  n


    a  n y  ( x + n ) +   a  n − 1 y  ( x + n − 1 ) + ⋯ +   a 0 y  ( x ) = r  ( x )                       → ( 11 )


    a 1 ,   a 2 , ⋯ ,   a  n


    a  n ,   a 0 ≠ 0


    a  n y  ( x + n ) + ⋯ +   a 1 y  ( x + 1 ) +   a 0 y  ( x ) = 0                                         →  ( 12 )


    m  n +   a  n − 1   m  n − 1 + ⋯ +   a 1 m +   a 0 = 0                                                                           →  ( 13 )


    n


  n  


    m 1 ,   m 2 , ⋯ ,   m  n


    m 1 ≠   m 2 ≠ ⋯ ≠   m  n  


  y  ( x ) =   C 1   m 1  x +   C 2   m 2  x + ⋯ +   C  n   m  n  x         ; n = 1 , 2 , ⋯    


    m 1 =   m 2 = ⋯ =   m  n = m


  y  ( x ) =  (   C 1 +   C 2 x +   C 3   x 2 + ⋯ +   C  n   x  n − 1 )   m  x  


    m 1 = 𝛼 + i 𝛽 ,     m 2 = 𝛼 − i 𝛽   , 𝛽 ≠ 0


  m = r   e  ± i 𝜃 = r  (      cos ⁡  𝜃 ± i  sin ⁡  𝜃 )


      r =    𝛼 2 +   𝛽 2   ,     t a n 𝜃 =   𝛽  𝛼            


    m  x =   r  x   e  ± i 𝜃 x =   r  x  (  cos ⁡  𝜃 x ± i  sin ⁡  𝜃 x )                


  y ( x )


  x


  y  ( x + 1 ) = 1 . 2 y  ( x )       أ و     y  ( x + 1 ) = y  ( x ) + 0 . 2 y  ( x )


  y  ( x + 1 ) = 1 . 2 y  ( x ) − 10  


    p ( x )


  x


  b


  d


  i


  e


  p  ( x + 1 ) = p  ( x ) + b p  ( x ) − d p  ( x ) + i p  ( x ) − e p  ( x )


  p  ( x + 1 ) = r   p  ( x )                                                                                                           →     ( 14 )


  p  ( x + 1 ) = r   p  ( x )                                                                                                           →     ( 14 )


  r =  ( 1 + b − d + i − e )


  p  ( x + 1 ) = r p  ( x )  


  p ( x )


  x
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  p ( 0 )


  p  ( x ) = C   r  x  


  x = 0


  C = p ( 0 )


  p  ( x ) = p  ( 0 )   r  x                                                                                                               → ( 15 )
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  r > 1  


  r < 1
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  r


  r


  r = 1 . 2


  r = 1 . 0


  r = 0 . 8


  ( x + 2 )


  x   , ( x + 1 )


  p ( x )
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  p  ( x + 2 ) =  ( 1 + b  ( x + 1 ) − d  ( x + 1 ) + i  ( x + 1 ) − e  ( x + 1 ) ) . p  ( x + 1 ) +  ( b  ( x ) − d  ( x ) + i  ( x ) − e  ( x ) ) . p  ( x )


  p  ( x + 2 ) =   r 1 p  ( x + 1 ) +   r 2 p  ( x )                                                                                                                                     →  ( 16 )


  p  ( x + 2 ) =   r 1 p  ( x + 1 ) +   r 2 p  ( x )                                                                                                                                     →  ( 16 )
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  ( 𝒙 )


  ( x )


  ( x + 2 )


    p  ( x + 2 ) =   r 1 p  ( x + 1 ) +   r 2 p  ( x )  


  p  ( x + 2 ) −   r 1 p  ( x + 1 ) −   r 2 p  ( x ) = 0


    m 2 −   r 1 m −   r 2 = 0


  m =     r 1 ±    r 1 2 + 4   r 2 2    


  p  ( x ) =   C 1   m 1  x +   C 2   m 2  x


  p  ( x ) = (   C 1 +   C 2 x )   m  x


  m = 𝛼 ± 𝛽 i


  p  ( x ) =   r  x  (   C 1  cos ⁡  ( 𝜃 x ) +   C 2  sin ⁡   ( 𝜃 x ) )                         r =    𝛼 2 +   𝛽 2                  


    m 1 > 1


    m 2 > 1
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    m 2 < 1   أ و     m 1 < 1
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  p ( x )


  p ( x )

